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While a few proposed control strategies have shown their acceptable effectiveness, performance improvement on

Nomenclature

system matrix of linearization models

slope of lift curve of main and tail rotors, 1/rad
longitudinal flapping angle of main rotor, rad
number of blade of main and tail rotors

lateral flapping angle of main rotor, rad

drag coefficient of blade of main and tail rotors,
N/rad

rotor width of main and tail rotors, m

column vector, element of system matrix D
position tracking error, m

yaw angle tracking error, rad

state variables of position tracking error
dynamics

forces produced by main and tail rotors, N
external forces exerting on the body of
helicopter, N

acceleration due to gravity, m/s?

vertical distance between the c.g. location and
the acting point of several forces, m

aircraft moment of inertia, kg - m?

H_, control gain matrix

n X n matrix, elements of control gain matrix K
parameters to be designed for the filter in
acceleration feedback control

longitudinal distance between the c.g. location
and the acting point of several forces, m
moment exerting on the ith component of
helicopter, N - m

simplified moment exerting on the body of
helicopter, N - m

moments produced by main and tail rotors, N
external moments exerting on the body of
helicopter, N - m
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stability and robustness of unmanned helicopters are still imperative and a great challenge due to strong
nonlinearities, extensive parameter uncertainties and external disturbances when the flight condition is terrible, such
as flight on a windy day. Because acceleration feedback control is advantageous in terms of simple controller
structure and easy implementation, we attempt to incorporate it into the tracking control of an unmanned helicopter
that is highly nonlinear and underactuated. In this paper, we use a prefilter to formulate a new acceleration feedback
control and then use it as a robust enhancement for the H_, algorithm to attenuate uncertainties and external
disturbances involved in the tracking control of an unmanned helicopter. We conduct simulations with an unmanned
model helicopter and compare the tracking performance of the helicopter with and without acceleration feedback
control. The results show that the use of acceleration feedback control does enhance tracking performance greatly
compared to the standard H, control.

helicopter total mass, kg

number of input of the unified linearization
model

temporary variables used in computing
aerodynamics of main and tail rotors

number of element for the state variables x in the
unified linearization model

number of the subvector in the unified
linearization system’s state vector

positive definite matrix used in H, controller
roll rate, rad/s

p is position vector of helicopter, x, y and z are
its projection on x, y and z axis of body
coordination, m

desired position vector, m

torque of main and tail rotors, N - m

simplified moment produced by main and tail
rotors, N - m

pitch rate, rad/ sec

transformation matrix from body coordinate to
the inertial frame

inner radius of main and tail rotors, m

radius of main and tail rotors, m

yaw rate, rad/ sec

simplified aerodynamics parameters

thrust of main and tail rotors, N

simplified thrust produced by main and tail
rotors, N

vertical climb velocity of a helicopter, m/s
input vector of the feedback linearization model
output vector of acceleration feedback controller
temporary matrix used in computing H,, control
through linear matrix inequalities

temporary matrix used in computing H, control
through linear matrix inequalities

body force in x, y, and z directions exerting on

i component, N

state variables of unified form of helicopter’s
linearization model

outputs of unified form of helicopter’s
linearization model

lateral distance between the c.g. location and the
acting point of a force, m

input-output finite L, gain value

force disturbances exerting on the body of the
helicopter, [Ar, Ap, Ap,]7,N
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force disturbances exerting on the body of the

helicopter, [Ay, Ap,  Ap I',N

Ay, = moment disturbances exerting on the body of the

helicopter, [Ay, Ay, Ay, ]".N-m

moment disturbances exerting on the body of the

helicopter, [ Ay, Ay, Ay, 1" N-m

gross disturbances exerting on the body of

helicopters

8p = uncertainties term in position dynamics due to
the simplification of aerodynamics, N

8 = gross uncertainties in position dynamics, N
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8 = temporarily defined uncertainties term in
position dynamics, N

4, = uncertainties due to the simplification of 7;, N

43 = uncertainties due to the simplification

o of M,,N-m

Ay, Ay, A; = temporary defined disturbances during

simplifying the dynamics

(O] = temporary variables used in acceleration

feedback controller, [£, & & --- &,]7

pitch angle, rad

collective pitch of main and tail rotors, rad

air density, kg/m?

, 01, 0, = parameter in inequalities which uncertainty
terms satisfy

= temporary variable during computing the

uncertainty

= yaw angle, rad

desired yaw angle, rad

roll angle, rad

angular velocity of the rotor, rpm

angular velocity vector, rad/s

= Lie algebra isomorphism of w, rad/s
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main rotor

tail rotor

horizontal stabilizer
vertical stabilizer
fuselage

= external disturbance
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I. Introduction

RAJECTORY tracking has been one of the most challenging
problems in control of an unmanned helicopter due to the
following facts discussed in [1-3]:

1) The dynamic model of an unmanned helicopter is strongly
nonlinear, inherently unstable, and highly coupled.

2) The model may be a nonminimum phase system that has
multiple inputs and multiple outputs (MIMO) and involves time-
varying parameters.

3) The tracking control of an unmanned helicopter is influenced by
external disturbances, such as the turbulence from tail rotor and
lateral wind.

4) An unmanned helicopter system often needs to work in different
flight modes, such as hovering, forward, backward, sideslip, upward
and downward flights, and the dynamics is significantly different
from one flight mode to another.

5) Most unmanned helicopters have four independent control
inputs for its motion in six degrees of freedom (DOF), which forms
an underactuated system.

While the classical techniques, most of which are based on
dividing the system dynamics into several independent single-input/
single-output (SISO) subsystems, may be applied into the auton-
omous control of an unmanned helicopter, there exists a so-called
conservatism problem [4] due to the strong dynamics coupling. As a
result, the autonomy of an unmanned helicopter may be restricted,
especially when flying on a windy day and/or a complicated flight
maneuver is demanded.

However, when performing dangerous and complicated tasks,
such as disaster rescue in city area, unmanned helicopters should be
highly stable and possess good tracking performance, which are far
beyond what many controllers using classical SISO control strategy
can achieve. This leads to a growing interest in applying nonlinear
control methodology into the control of helicopters. Feedback
linearization and state-dependent Riccati equation method [1,5], for
example, were used to handle the nonlinear dynamics of a helicopter
by online linearization and optimization. Backstepping and
predictive control approaches have also been proposed for the
control of helicopters [3,6,7], but the implementation of these
methods is constrained due to the computational complexity and the
lack of robustness [8]. Robust control such as H, control [9,10], on
the other hand, is well known for handling uncertainties and
disturbances, but difficult to achieve a balance between robustness
and conservation, since the uncertainty is usually supposed unknown.
This problem is especially important when the uncertainties become
large or time-varying.

Recently, the acceleration feedback control (AFC) has been
successful in suppressing uncertainties and external disturbances of
mechatronic systems [11-14]. There disturbances and uncertainties
are presented as force or torque, which is directly reflected in
acceleration signal. The AFC is advantageous in terms of simple
controller structure and easy implementation and consequently has
the potential to be applied to the control of an unmanned helicopter.

Before the AFC can be used in an unmanned helicopter, the
acceleration signal needs to be made available. The acceleration in
the study involves both linear and angular acceleration, which are
obtainable in a real helicopter. The former can be easily measured by
using a linear accelerometer, and the later can be measured directly
using angular accelerometer, such as the piezoelectric angular
accelerator [15] or using a number of linear accelerometers [16].
Moreover, angular acceleration can also be estimated [11].

There is certainly noise associated with the acceleration signal that
needs to be sorted out. In our early work [17], in which the robust
control was used as an inner-loop SISO controller of unmanned
helicopter system, the noise in acceleration signals was attenuated
using two different methods: passive method and active method.
With the passive method, the acceleration sensors are isolated from
the main body of helicopter by an isolator mounted inside the main
avionics box. For the active method, some filter, such as a Kalman
filter, can be used as verified experimentally [11,17]. Consequently, it
is possible to obtain clean and effective acceleration signals.

While AFC has been successful [11-14], it cannot be used directly
in the control of an unmanned helicopter for the following reasons:

1) The existing AFC algorithm requires a high-gain that is difficult
to realize in a helicopter.

2) The existing AFC strategy cannot deal with an underactuated
system such as a helicopter.

In this paper, AFC is revised to enhance the H_, algorithm to
attenuate uncertainties and external disturbances involved in the
tracking control of an unmanned helicopter. First, a helicopter
dynamic model is formulated in such a way that it can be
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Fig. 1 Forces and moments acting on a helicopter.
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feedback-linearized. Second, a nonlinear H,, control is designed
based on the model to ensure the closed-loop stability and robustness
with respect to external disturbances. Third, a revised AFC is used to
further compensate uncertainties and reduce the conservatism of the
H,, control. Finally, simulations are conducted on an unmanned
model helicopter and the improvements of the tracking performance
due to the use of the AFC are analyzed.

II. Dynamics of an Unmanned Helicopter

The dynamics of an unmanned helicopter system can be modeled
as a 6-DOF rigid body with external forces and moments acting at the
main and tail rotors, empennage and fuselage drag, as shown in Fig. 1
([4], page 29). The motion of the helicopter is described in a
coordinate system that is attached rigidly on the helicopter body with

F.=F

Mc = ext [AML AMM AMA ]T

Ap= ZR[ Ape Ap, AR T

the origin being placed at the center of mass: x, y, and z axes pointing
to the nose of airframe, right side, and downward, respectively. The
motion dynamics is given as

.. 1 .
p=[0 0 g]T—i—%RFexl R=Rd

® :Iljl(Mext_w lew) (1)

where p = [x,y,z]” is the positional vector, @ = [p, g, r]" is the
angular velocity vector, and

ext —

X L 0 —r g¢q
Y MCX1= M 6): r 0 -p Rz[
z N

where F.,, and M., are the sum of the external forces and moments
acting on the airframe and are determined by

X=Xy+Xr+Xg+Xy+Xr+Xa
Y=Yy, +Y +Y, +Y,+Y,
Z=Zy+Zr+Zy+Zy+Zp+Z4
L=Ly+Yyhy+Zyyy+Yrhr+Yyhy
+Yrhp+Lp+L,
M=M+M;—Xyhy+ Zyly — Xrhy
+ Zyphy —Xyhy + Zyly — Xyhy +Mp + M,
N=Ny—Yyly—Yrlp—Yyly+ Np—Yplp + Ny 2
where X, Y,Z,and L, M, N are, respectively, the forces and moments
exerting on the body of helicopter; both /, and &, represent the
corresponding distances (Fig. 2); and the subscripts M, T, H, V, F,
and A denote main rotor, tail rotor, horizontal stabilizer, vertical
stabilizer, fuselage, and disturbance, respectively.
The force and moment generated by horizontal stabilizer, vertical

fin, fuselage, and external disturbances are difficult to model.
However, they can be neglected because their impact is relatively

small. Consequently, the external forces and moments can be
expressed as

X=Xy+Ar, L=Ly+Yyhy+Zyyy+Yrhr+Ay,
Y=Yy+Yr+Ap, M=My+Mp—Xyhy+Zyly+Ay,
Z=Zy+Ar, N=Ny—Yyly—Yrly+Ay, 3)
And Eq. (1) can be rewritten as
1 - . ~
=[0 0 g]"+—RF.+ A R=R&
m
O =0;"(M, — o x I,w)+ Ay )

where

et —[Br, Ap, Ap V' =[Xy Yy+Yr Zyl
[Ly + Yuhs + Zyyy + Yrhy My + My — Xyhy + Zyly Ny —Yyly = Yolp | 5)

=LAy, Ay, Ay

As the forces and moments generated by the main and tail rotors are
controlled by T, Tr, a;,, and b, we obtain

oL
Xy =—Tysina, Ly =— ( M)b”—QM sina
8blY
oM
Yy=Tysinby,  My= (—M)als — Qysinby,
aalx
Zy =—Tycosa,cosb, Ny =—Qycosa cosby
Yr=-T; M= _QT ©)

cosfcosy singsinfcosy —cospsiny cos@sinbcosy + singsinyr
cosfsiny singsinfsiny 4 cos¢cosy cos¢psinfsiny — singpcos yr
—siné singcos 6

cos¢cosf i|

where T, and T are the forces exerting on the main rotor and tail
rotor, and a, and b, stand for the longitudinal and lateral flapping
angle of main rotor. Furthermore, the forces 7,, and T; and the
moments Q,, and Oy can be calculated as

R} — R} msy;m ms;
T. = li 0i 0 3i'"6i R RZ- _ 3i
i 3 ms;U.; +— ( 0[) 8.7TQIZ
2
X { T2 [(BmyiRy;0,; — 2ms;) X (mo;Ry;0,; + mSi)3/2
21 ci
— (Bmy;Ry;0,; — 2ms;) (my; Ry 0, + mSi)3/2]} @)
R:I;i — R(3)i nlln‘)l 3 Cdrnlz 4
0= nlin7if (R —Ry) + (R —Rg)
2n,;ng;
+ 10;m§ (15m3;R}; — 12myms;R); + 8m§i)(m4iR1i
4i
+ ms;)* — (15m3;RG; — 12my;ms;Ro; + 8m3;) x (my;Ry;
2n,ino;
+ ms;)3?} + 151 310 {((BmyRy; — 2ms;) (myiRy; + ms;) V>
— (3my;Ry; — 2ms;) (my;Ry; + ms;)*/?)} (®)
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a) Top view

b) Side view

¢) Back view
Fig. 2 Orthographic views of a helicopter.

where subscript i stands for M or 7, for simplicity [4,18], and ny = P Qbic; ny =V, — nmy; ny, = a; .
o 2 8w (87%2;)
my;=—ta;b;c; +4nV,  my=81Q%ab;c; av, V)2
2 ny; = m%i + ms; nsi =—-—53 neg; = a;| =
p V.m, 4ms2; Q;
my ==Qa;bic; +4nV,  my=my0,; ms;=mj—— 0 0
3 Q, _ a0y a;ve
nq; = Mo — N3;My; ng;

: Q; ~ 8%,
me ==LV, ©)
o \81r ¢ Ng; = N3;My; — Ns;My; + Ng; nyo; = 2mynz; — ns; (10)
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III. Simplified Helicopter Dynamics
and Feedback Linearization

Even though it has been simplified, the dynamic model of the
helicopter [Egs. (4—10)] is still too complicated to be directly used in
the design of the controller. In the following, the model is further
simplified such that it can be feedback-linearized and a tracking
controller can be then designed.

Under the condition of low velocity, we have

0<max(|a1s|7|b1s|7|TT/TM|) < 1 (11)

The couplings term between rolling (pitching) moments and
lateral (longitudinal) acceleration is relatively small and can be taken
as uncertainty terms [18]. Thus, based on Egs. (4-6), we have

1 - .
B=[0 0 g =—R[0 0 Ty +A;+8; R=Rd

& ="My —o xLw)+ Ay (12)

where § is taken as the new uncertainty terms, expressed as

1 —Tysinag,
§p=—R Ty sinb,, — Ty (13)
m | _T,(cosa,,cosb;, — 1)

Taking x, y, z, and ¥ as outputs and Ty, and M., as inputs and
ignoring the terms of A, + 8 and A ;, we have

p(4):—%R{wx{wX[0 0 Ty}

0 -T, O
1
+—R| Ty 0 O0|['My —oxI,w)
m
0 0 0
2 o 1 o
——R{wx[0 0 Tyl"}——R[0 O 1]'Ty (14)
m m

According to [4], the second equation of Eq. (12) is equivalent to the
following:

é 1 singtan® cosptand |[ p
6 =|0 cosg —sing q (15)
v 0 singsech cosgsect || r

It is not difficult to obtain

Y =—[0 singsect cospsecOd|l; (@ x I,o)
+ (gcos¢ — rsing) sec O[p 4+ 2g sin ptan 6 + 2r cos ¢ tan 0
+[0 [0 singsech cos¢secOH]; M, (16)

From Eqs. (14) and (16), we have

|:p(4)i| — |:A1(¢797 w’p€Q’ r, TM’TM)i|
v Ay (9.0, p.q,7)

BI (¢7 07 w’ TM) TM
+ =[p" yI" a7
|: BZ(¢’ 97 KZ’) i||:Mext:| ! [p 1//]

where

0
. 1
A, 0.9, p,q. 7, Ty, Ty) =——R| o x | @ X 0}
m
0
0

Ty
0
2 1 .
——R|lwx| O +—RJ [, (@ x [,®)] x
m ) m
Ty Ty
Bl(¢i97w’TM)
0 10
=|—-LR0 0 17 —IR| -1 0 0 |I;!
0 00

Ay (¢, 0,9, p,q,r) =—[0 singsech® cosgsecOl; (w0 x )
+ (gcos¢ — rsing) secO[p + 2g sinptan 0 + 2rcos ¢ tan 6]
By(¢,0,%)=[0 [0 singsechd cos¢psecd]l;!] (18)

The following controller can be designed:
|: Ty i| _ |:31(¢va v, TM)i|l(|:pii4) + vl:|
Mext B2 (¢’ 9’ 1//) l;d + v,
_ |:A1(¢, 9, 1//,[7, q,71, TMﬁ TM):|)
Ax(9.0.9.p.q.7)

19)

where v, and v, are two additional controls to be designed in Sec. IV.

By neglecting the disturbance and uncertainty terms, system (12)
can be easily feedback-linearized by substituting Eq. (19) into
Eq. (17). Therefore, we have the two linear systems below:

e’ =, (20)
and
ér,=1, @n
where
€, =P DPu e=%—1,

are the tracking errors of positions and yaw angle, respectively.
Considering the disturbance and uncertainty terms in Eq. (12), we
have

é =€+ A+, e3=e é,=v, +A,
=, + By @
where
1 .
e;=[0 0 g]"=—R[0 O Ty]" —py
m
. 1 1 .
e4:e3:—;R(wX[0 0 TM]T)_;R[O 0 Tyl —Pa
. [o 107
A,=—"YR| -1 0 0|A,
1o 00
Ay=[0 singsect cosgsecH]A,, (23)

Unlike A £, A,, and A;, the uncertainty term § - in Eq. (22), which
is closely related to the state, is not mixed up with any other external
disturbances and can be regarded as uncertainty with some unknown
or omitted parameters. To do so, we first make some changes to
Eqg. (22).
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Let
1 0 —sinay,
T=—|0 1 sinbls—% (24)

0 0 1—cosajcosby

Suppose the 2-norm of matrix is selected with the conditions
1) =30° < a;; < 30°,—30° < b, < 30° (input constraints in Sec. V)
and 2) Ty/Ty < 0.225 (for the helicopter model used in Sec. V).
Thus, for any real vector [a b c]”, we have

a
max ||Y| b ||,

The new disturbance term A | includes the original disturbance A
and other two new terms, and hence the state variables have little
influence on A |, because the only term related to state variables is R,
which satisfies ||R|, = 1. In the end, we obtain a model (27) with
external disturbances and bounded uncertainties.

So far we have not considered the aerodynamics effect. The
aerodynamics here is a static relation, as expressed by Egs. (6-10),
between the real input (two collective pitches and two cyclic pitches)
and the forces/moments. According to [18], they can be simplified as

. c (a—csinag)? +[b + c(sinb, — TT—Q)]2 + c2(1 — cos a, cos by,)?
” ”_m_ a2+b2+cz

a® + b? + c*[sin’a,, + (sinb,, —

%)2 + (1 —cosay,cos b;)?] — 2acsina,; + 2bc(sinb,; — %)
a’+b* + c?

+b2+c2[025+(025+0225)2+1]+05a +0.5¢% + (b + ¢?)(0.5 + 0.225)
a4+ b? + ¢

2[025+(025+0225)]+05c

1.725 +

a? + b> + ¢

With Eq. (25), the following equation can be obtained:

[ =RYRT'[0O 0 g]"+8&r—RYR'pll
—Tysinag 0
:HLR Tysinb,, — Ty —RYR7'| 0
" —Ty(cosa;scosb, — 1) g
—Tysinag
— RYR 'p, HRT{ ! Tysinb,, — Ty
—Ty(cosa;scosb, — 1)
0
—R'0 —R"ﬁd}‘:HRTR*'{%R[O 0 Tyl
8
0
-0 —ﬁa} < [IRYR|[]les]l < v/3]es] (26)
8

Then Eq. (22) can be rewritten as

é,=e;+ A, +34, é3=e, ér=v,+ A,
G = v, + A, @7)
where
§,=—RYR'[0 0 g]"+68,—RYR'p,
. . (28)
A=A +RYR'0O 0 g]"+RYR 'p,
and § | satisfies inequality
18,1 = V3lles] 29)

<3 (25)

L =811b\s+ 8,04, M =Syiai;+ SuxTyy + Suz OF
N* = 8y,03 + SwaT7, T3 = S7,10m + S,
T;‘ZSTTIGT_FSTTZ’ QIT\/IZSQMIQM_‘_SQMZ
0= SQTI Or + SQ,2 (30)
where S, are some known constants. Therefore, the helicopter

control inputs a,,, by, 8, and 6, can be expressed using T3, L*, M*,
and N*:

ais 0 Su SwaSoun 0 ! L’

by, S 0SS SmsSo, M’

Gy | | 0 0 SuSo, SweSr, e

Or 0 0 St 0 Ty
S12S0,2

Su3So,2 + SuaSt,2 31
SnoSr2 + SniSo,2

Sty2

Based on Eqgs. (12) and (22), we rewrite the feedback linearization
model (27) as

€, =e;3+ A +4 e =e, e =v + A, (32)
and

52:U2+A3 (33)

where
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~ 1
§ =4 A1=A1+%R(1//,¢79)52

T 0 10 .
A ="2RW.¢.0)| =1 0 0|,"U,Ay +85)
m 0 00

Ay =[0 singsecO cospsecH]l; (I,Ay + 83)
8,=[0 0 -Ty]"=[0 0 —T}]" &=M,—M, (34

in which 8, and 85 are the uncertainty terms due to the inaccurate or
simplified aerodynamics from Eqs. (7-10) and (30). They can be
regarded as the disturbances, since they are not related to the state
variables (e, e,, e3, and e,4) of the simplified helicopter model.

IV. Acceleration-Feedback-Enhanced Robust Control
A. Nonlinear H_, Control Without Disturbance Information

From the preceding analysis, we can transform the helicopter
model into two different linear models with external disturbances and
nonlinear inner uncertainties as Eqs. (32) and (33) by using the
feedback linearization technique. In fact, Eqs. (32) and (33) can be
denoted as

Xx=Ax+ Bv+ f(x) + DA y=Cx (35)

where x is the state vector; v is the input vector; A is the external
disturbances; y is the output vector; A, B, C, and D are all constant

n=3 m==6 X =€ szél X3 = €3
x,=e, v=v;, x=[xI xI ¥ I

O3><3 13 O3><3 03><3

0 0 1 0
A= AT AT T A= 3x3 3x3 3 3x3
a7 Azl Ous Oua Oss Iy

O3><3 03><3 03><3 03><3

03><3
03,
B = 03 X C= [13><3 0353 03,3 03><3]
3x3
I3><3
03><3 O3><3
_ 13><3 O3><3
b= 03><3 O3><3 (38)
03><3 13><3
Based on Eqgs. (29) and (34), we have
o=+/3 (39)

Similarly, system (33) can also be written in the form of Eqs. (35)
with

n=1 m=1 X =€ x2=é2 V=1,

x=[x; x]7 A=A, A=|:8 (1)] B=|:(l)]

matrices with proper dimension; f(x) is the nonlinear uncertainty 0
term; and C=[1 0] D= [1] (40)
— T
X = [(x{) (xg)lxﬁ (xg)lxn‘ (XE)lxﬁ ]n><] and
Ohxﬁ Iﬁ Oﬁxﬁ Oﬁxﬁ Oﬁxﬁ o=0 (41)
Oﬁxﬁ Oﬁxﬁ Iﬁ e Oﬁxﬁ Oﬁxﬁ
A=| O Oii Oia -+ Onxa , B = | Oixi In the rest of this subsection, we will design an H_, robust controller
: : : " : : dealing with both the external disturbance A and the nonlinear
0 0 O eee 0-o- I uncertainties term f(x) to ensure the closed-loop stability and the
o i Lnxn " robust performance of the closed-loop system. The main result is
D = [(d; ))ix1lnxin» C=[I; Oui; Ouni - Oungilixn stated in the following theorem.
(36) Theorem I: If a linear feedback controller v = Kx and a positive
definite matrix P can be found satistying the following inequality,
Furthermore, f(x) satisfies the condition )
P(A+ BK) + (A" + K"B")P + (1 + 6®)P + S PDD"P
Ifel < ollx] 37) 1 4
+-CTC =<0 42
For system (32), we have 2 (42)
o= = - = - - - --—-———————- I
I I
: difference :
1 between real 1
! aero- !
I . I
1 dynamics and [ uncertainties 1
1 simplified of aero- 1
Ir‘——“““““—. _____________________ : : aero- dynamics :
Desired | Eq. 59 fhgoreml Eq. (9) Eq.(G) 1| dynamics !
traje- v i !
ctory : acceleration |{; | Nonlinear feedback Simplified : : simplified | ¥ f, |Helicopter :
— feedback [ Heo [P . .- = inverseof [T »  aero- (N>, »| rigid [
h linearization | L ; 10y, O . A M. . |
A X controller controller M aerodynamics |I X 'M> UTs| dynamics dynamics X
1 NS : 1415 bis 1
T AF-Enhanced________ T s |
H..controller ! Disturbance 1
: force and :
1 moment 1
I I
} }
booo ] High-Fidelity model of __ _ _ _ :
unmanned helicopter

Measured states of helicopter

Fig. 3 Controller structure.
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Table 1 Parameters for helicopter simulation

Parameter Description
m=9.5kg Helicopter mass
p=12kg/m’ Air density

I,, = 0.1634 kgm?
I, =0.5782 kgm?
I.. = 0.6306 kgm?

Inertia on X axis
Inertia on Y axis
Inertia on Z axis

hy = 0.2340 m Distance to c.g.
yy=0m Distance to c.g.

I,y =0.01 m Distance to c.g.

hy =0.062 m Distance to c.g.

L; =0.898 m Distance to c.g.

Qy =171.1 rad/s Angular velocity of main rotor
ay =54 rad™! Slope of lift curve of main rotor
by =2 Number of main blade

cy =0.058 m Width of main rotor

Ry =0.79 m Radius of main rotor

Roy = 0.196 m Inner radius of main rotor
Q7 =920.8 rad/s Angular velocity of tail rotor
ar = 5.4 rad™! Slope of lift curve of tail rotor

by =2 Number of tail blade

cr =0.028 m Width of tail rotor
Ry =0.1290 m Radius of tail rotor
Ryr =0.042 m Inner radius of tail rotor

then system (35) is finite-gain L,-stable from disturbances A to
outputs y for all the allowable f(.), and the L, gain is less than or
equal to y.

Proof: First, let

V(x) =x"Px 43)

be the Lyapunov function candidate of system (35), where P is a
positive definite matrix with proper dimensions.

Computing the derivative of V(x) along the trajectory of the
system (35), we have

V(x) = V [Ax + BKx + f(x)] + V.DA = 2x"P[Ax + BKx

2
+2xT P[Ax

2
2
+ f(x)] +2x"PDA = —% HA — ?DTPx
2

2 2
+ BKx + [(9)] + " PDD' Px + Ziapg (44)
If the following inequality is satisfied for all allowable state x,
xTP[Ax + BKx + f(x)] + [xTAT + x"K"BT + f7(x)|Px

2 1
+ ?xTPDDTPx + ixTCTCx <0 (45)

We have

A+ A +0)1/2)X+ BW +[(A+ (1 +0%)1/2)X + BW]
T

D
y lcx

2

. 2 1 2 1
Ve < AR -3y -5 HA o D'Px| )

2

and
V(x) <2 IA 13 =Lyl 47)

Integrating Eq. (47) yields
L[ 2 L[r 2
V() = Viro) <592 [ IARd—5 [ lylBar @®)
0 0

From V(x) > 0, we obtain

A Iyl2ds <52 f JA I dr — 2V(x(D) + 2V (xo)

<y? ] VAR dr + 2V(xy) (49)
0

Computing the square roots and using the inequality v/a”> + b* <
a + b for nonnegative numbers a and b, we obtain

Iy, = VIAlL, + v2V(xo) (50)

Thus, we can conclude that if the inequality (45) is satisfied for all
allowable x, system (35) can be guaranteed to be finite-gain L,-stable
from A to y, and the L, gain is less than or equal to y.

Since || f(x)|| < a||x]||, we have

x"Pf(x) + f1(x)Px = —[x" — fT(x)]Plx — f(x)] + x" Px
+ fT(x)Pf(x) <x"Px + fT(x)Pf(x) < (1 +o>)x"Px (51)
Thus,
xTP[Ax + BKx + f(x)] + [xTAT + x"K"BT + f7(x)|Px
+ %xTPDDTPx + leCTCx
1% 2
<x"P(A+ BK)x + xT(AT + KTB")Px + (1 + 0*)x" Px

2 1
+ ?xTPDDTPx + ExTCTCx (52)

This means that if we can select a feedback u = Kx such that Eq. (42)

is negative definite, then inequality (45) can be satisfied for all

allowable x. Furthermore, the system (35) is finite-gain L,-stable

from disturbances A to outputs y, and the L, gain is less than or equal

to y. O
Equation (42) can be rewritten as

1402 1 402
P(A+BK—|— 20 1)+(AT+1<TBT+ J;" I)P

2 1
+ ?PDDTP + ECTC <0 (53)

Itis well known in linear H ,, theory that the problem is equivalent
to finding a state feedback u = Kx such that the following system has
H_-norm less than or equal to y from disturbances to outputs:

. 1402
x=(A—|— J;"l)x+3v+DA y=Cx (54

This can be easily solved using linear robust control theory.
According to [19], the preceding problem is equivalent to solving the
following linear matrix inequalities (LMIs) (W and X are unknown
matrices to be computed):

Dy (CX)"
-1 0 <0 v=WXlx (55)
0 -1

B. Robust Control with Acceleration Feedback

In the last section, the H, controller was designed with respect to
system (35). However, the H, control is conservative as it supposes
that the uncertainties are all unknown, which limits the performance
of the closed-loop system. In the following, an acceleration-
feedback-enhanced H., robust control method is designed.

First, Eq. (35) is rewritten by taking f(x) as a new disturbance
signal with v = Kx + v designed:

%= (A + BK)x + Bo + DA (56)

where K is the linear H,, feedback control gain designed in
Sec. IVA.
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Fig. 4 Measured linear acceleration flight-test data.

In system (56), the uncertainty term f(x) has been taken as parts of

the disturbances of A, and A is the newly defined disturbance terms.
To present our main idea about how to attenuate disturbances, we

first introduce some new variables &, &,, ..., &, and let
X
) —d,§ T di
X = x3—d & — - —d 6, —dy b~ —dy 6, (57)
X, — dl,légniz) - dl,msf’;lliz) - dn—l‘ISI -t dn—l,msm nx1
We have b=d £+ d T e d g
A . A + dn—l.mém + dn,lgl +e dn.m‘i:m - [kZ(dl‘Igl + e
Xp=x=x,+d A+ +d A, =% +d (A + &) p e (d. D P
+ mm+.+ n ) J’_...J’_ mEm +...
oot d (A, +E) 1m&m) (& 1k
X . . . . . + dn—l.lgl +e 4+ dn—lmgm)] (59)
Xy=x,—d 5 ——d 5, =x3—d & — - —dE,
+dy A+t dy Ay =%y dy (A HE) Zhert[akki gf X n Hllcat]rix) are all elements of control gain matrix K, i.e.,
. = 1, 2, ceey nl
tdy, (A, &) %, =%, —d &) — o —d 8 Then we have
__dnfllgl__dnfl,mgm:v+klxl+k2x2+ £=(A+BK).£'+D(®+A) (60)
+ knxn - dl.légn_l) - dl,mgf’;:_]) - dnfl‘lgl -t
. . . R where
=y A A+ dy A =0+ KX+ KX,
frd e T
+'“+kn£'n+[k2(d1<1$l +..._|_d1'm§m)+... ®=[§ & & €n] (61)
Fh,(d &+ d L E T e d E It is clear that the influence of the new disturbances A to the
td, E)]— d|_1§§n_” ——d,, (=) _ . _ dn_uél outputs can be completely eliminateq if @ =-—A, and' the
. performance of the system can be determined by the control gain K.
==y b — b == dy A (At E) Remark: For unmanned helicopter systems, the new disturbances
tootdy (A + &) (58) A can be obtained through obtaining the external force disturbances

A - and moment disturbances A ,, by using Eqgs. (34), (28), (23), and
(4). Furthermore, A and A, can be easily obtained by using the
linear and angular acceleration signals shown in the following
equations:

Subsequently, if the control input v is designed as

Table 2 Five simulations conducted in this paper

N . 1 - .
Experiment 1  Simulation without force and moment disturbances Ap=p-[0 0 g]' - ;RFL'AM =0 —1,'(M, — 0 x1,0)
Experiment 2 Simulation with only step force disturbances (62)
Experiment 3 Simulation with only sine force disturbances
Experiment4  Simulation with only step moment disturbances

Experiment 5 Simulation with only sine moment disturbances Since the high-order derivatives of the disturbance with respect to

time are impossible to be measured or estimated, we cannot
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Fig. 5 Simulation results for model uncertainty rejection, where the solid line is for the AFC-enhanced H, controller, and the dotted line is for the H

controller.
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Fig. 6 Magnified version of Fig. 5.
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Fig. 8 Simulation results for both model uncertainty and external sin-changed force, where the solid line is for the AFC-enhanced H, controller, and

the dotted line is for the H , controller.

completely eliminate the influence of disturbances on the outputs
using this strategy.
Let O satisfy the dynamical model

O 4k O 4. 4 kO + kO = kA (63)
where k;, k;_y,...,k;, ky are some proper real numbers to be

designed, and / > n — 1 is a positive integer.
By frequency domain analysis method, we have

©+A)s) _s'thasT 4t kst kot k, 64)
A(s) T sk st 4 ks + Ky
Equation (64) can be designed as a high-pass filter if 1) the
denominator polynomial has no roots with positive real part,
2) k; + ko < kg, and 3) other parameters k,, k;, k,_; are selected
properly. Consequently, the low-frequency disturbance signals can
be attenuated greatly.

This completes the controller design. The overall controller
structure, which is referred to as an acceleration-feedback-enhanced
H_, controller (or AFC-enhanced H,, controller), is described in
Fig. 3. It is divided into four parts: 1) simplified inverse of
aerodynamics, 2) feedback linearization, 3) nonlinear H, controller,
and 4) acceleration-feedback-enhanced controller. The simplified
inverse of aerodynamics is realized by Eq. (31), where the controller
output is the real input of the helicopter system a,, b|,, 6, and 0,
and the controller input is 73, and M* computed by the feedback
linearization method. Feedback linearization is used to transform the
unmanned helicopter system’s complicated nonlinear model into two
linear models [Eq. (19)], where the controller output is used as the
input of the simplified inverse aerodynamics controller, and the
controller input v is the output of the nonlinear H,, controller.
Subsequently, v = Kx in Theorem I is used as the H,, controller,
which is robust with respect to the external disturbances and the
uncertainties term §; in Eq. (32) and takes outputs of acceleration
feedback controller as inputs. Finally, Eq. (39) is the acceleration-
feedback-enhanced controller through v = Kx + v.

Table 3 Tracking performance index E with respect
to sine force disturbances

H_, controller AFC-enhanced H,

controller
Position, m 0.1872 0.0240
Yaw angle, rad 0.0066 0.0095

Remark: In general, we can design Eq. (63) separately for each §;.
Ifd,; =0, then éf-"il) will not appear in Eq. (59). Thus, it is not
needed to design a linear filter with / > n — 1, which simplifies the
design of Eq. (63).

V. Simulation

A series of simulations were conducted to verify the
aforementioned AFC-enhanced H,, controller. Major parameters
for a high-fidelity unmanned helicopter model are given in Table 1,
and the simplified aerodynamics parameters required in Eq. (30) are
given as

S, =-65.0398, S,,=-00620, S, =650398
Sup=—-001, Sys=—-1, Sy =-1, Sx» = 0.8980
Sy =1777,  S;,=398, Sy, =1062, S;,=69
So1 =956, Sg.=-18,  Sg=-39, S,p,=-003
(65)

The controller structure is shown in Fig. 3. The simplified inverse
of aerodynamics and the feedback linearization control was designed
using Eqs. (31) and (19), respectively. The H , controller for position
tracking error dynamics Eq. (32) and yaw angle tracking error
dynamics Eq. (33) are

=1
v, =K x+ 7,
K, =[—4173.813,; —1980.815,3 —347.91;,; —24.2I;5]
(66)
=1
v, =Kx+ v, 67)
K,=[-253 —1.85]

Finally, the acceleration-feedback-enhanced controller v, and v,
is designed using Eqs. (59) and (63), and the parameters chosen are as
follows:
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Fig. 9 Simulation result for both model uncertainty and external step-changed moment, where the solid line is for the AFC-enhanced H, controller,

and the dotted line is for the H_, controller.

North (m)

East (m)

E 0.05
5
2 0
T
-0.05
0 20 40 60 80 100
Time (s)

o (rad)

0 (rad)

v (rad)

40
Time (s)

80 100

Fig. 10 Simulation result for both model uncertainty and external sin-changed moment, where the solid line is for the AFC-enhanced H, controller,

and the dotted line is for the H_, controller.
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L | =—10] & | —10A, (68)
&
a1 [& 3 6
U= & |+ | & | +3479) & | +242| &
&1 L& & &
{§%=—s%—10A3 69)
U, = —&

Table 4 Tracking performance index E, with
respect to sine moment disturbances

H_, controller AFC-enhanced H,

controller
Position 0.1957 0.0355
Yaw angle 1.0444 0.0554

where Eq. (68) is for the position dynamics and Eq. (69) is for the yaw
dynamics. The parameters of Egs. (68) and (69) were chosen so that
the cutoff frequency of Eq. (64) should be larger than the main
frequency of disturbances.

Simulations were carried out to study a step-response, i.e., the
helicopter was controlled to maneuver a step change from the initial
states of xo =y, =29 =1.0 m and W, =0.1 rad to a stabilized
hoveratx =y =z=0.0 m and ¥ = 0.0 rad.

To demonstrate the performance of the proposed AFC-enhanced
H_, controller, we compare its simulation results with the H_
controller, i.e., controller (66) and controller (67) without the terms
v, and v,. To make the simulations as realistic as possible, we
considered the real measurement/observation noise of accelerom-
eters used in an unmanned helicopter. Figure 4 shows the linear
accelerometers’ measurement data for about 20 s during a flight
experiment. The observational noise of the acceleration can be
approximated by a Gaussian distribution with covariance of 0.0231.
In all the simulations below, both the linear and angular acceleration
signals were polluted by this noise. Five simulations were conducted,
as listed in Table 2.

Figure 5 and its magnified version (Fig. 6) show the results of
experiment 1, in which there is only the uncertainty due to the model
simplification of Eq. (30). It can be seen that under the control of H
controller (dashed line), the model uncertainty causes a stable
tracking error that was eliminated successfully by the AFC-enhanced
H, controller (solid line).
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Fig. 13 Control inputs of AFC-enhanced H,, controller in experiment 4 (with step-changed moment disturbances).
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Fig. 14 Control inputs of AFC-enhanced H, controller in experiment 5 (with sin-changed moment disturbances).

Figure 7 shows the results for experiment 2 in which external
step force disturbances of 50 N occur suddenly to the system at every
20 s, i.e.,

[0N,0N,0NJ, t<20s
A, JIONONONI.  20s<r<40s 40
FZY[50N,50N,0N", 40s<r<60s

[50 N,50 N.50 N|', ¢>60s

It can be seen that the H,, controller cannot overcome the
disturbance forces and there exist steady state position tracking errors
that were rejected by the proposed AFC-enhanced H, controller. It
should be noted that both roll angle and pitch angle in this simulation
are near 0.5 rad, which is reasonable, because to counteract the force
disturbances, a body tilt is necessary for the main rotor to produce
extra drag forces. In real helicopter systems, however, it would be
dangerous for a helicopter system to stay at such a state.

Figure 8 is for experiment 3, in which external sine force
disturbances of 10 N at0.2 rad/s are introduced to the system at 20 s,
ie.,

A= 0’ t<20s
F =1 10sin(0.27) % [1, 1,1]7 (N),

t>2s (D

It can be seen that the AFC-enhanced H ,, controller attenuates the
sine force disturbance better than the H,,, controller. To quantify the
performance improvement, an index function is introduced for
evaluation of the tracking error:

1 num

E= ; VIs(t) = saO s (1) — s4(1)] (72)

num

where s(¢) and s,(¢) are the interested position (yaw angle) and real
position (yaw angle), respectively. The results are compared as listed
in Table 3.

It can be seen that the AFC-enhanced H, controller has a position
tracking error that is about 6.8 times smaller than the H, controller
does and that both controllers have almost the same tracking error in
yaw angle.

In addition to the force disturbance, the influence of moment
disturbance on the closed-loop system was also simulated. The
constant moment disturbance Eq. (73) was exerted on the helicopter
model (i.e., experiment 4). Figure 9 show the results for this
simulation in which the performance improvement can be found,
similar to those controllers with constant force disturbance:

m 1<20s
m, 20s<r<40s
-m, 40s=<t<60s
m, t>60s

(73)

In the last simulation, a sine moment disturbance below was given:

X 0, 1<20s
Aw= {4 sin(0.50) *[L, L1 (N-m), r>20s (¥

The results are shown in Fig. 10, in which the performance
improvement is found similar to the case of sine force disturbances.
The quantitative comparisons of the tracking errors using Eq. (72) are
listed in Table 4.

From Table 4, it can be found that the AFC-enhanced H,,
controller’s position tracking error is 4.5 times smaller than that of the
H, controller; and the yaw angle tracking error is 17.8 times smaller
than that of the H,, controller.

To simulate the effect of inputs saturation, we considered the
following control input constraints:

a), €[-0.26,0.26] rad by, € [-0.26,0.26] rad
0, €[0,0.23] rad 6, € [~0.35,0.35] rad (75)

Figures 11-14 show the performance of the AFC-enhanced H.,
controller for the four simulation scenarios (Table 2) with the above
control input saturation, respectively. There, the dashed line denotes
the upper and lower boundaries of different control inputs. It can be
found from these figures that the control input constrained by
Eq. (75) is sufficient to attenuate the disturbances of Egs. (70), (71),
(73), and (74). If the disturbances are too large, however, the control
inputs would become insufficient to fully alleviate the disturbance.

VI. Conclusions

In this paper, we presented an AFC-enhanced H, controller and
its design approach for a high-fidelity helicopter model. Our primary
contribution is the generalization of the conventional AFC for use in
systems (e.g. helicopter) involving nonlinear and underactuated
characteristics. The other contribution is the use of the AFC to
enhance the H_, controller by reducing its conservatism. Extensive
simulations were performed with a helicopter model and two results
are significant: the AFC-enhanced H,, controller can eliminate
tracking errors under various uncertainties involved in the model
parameters and external disturbances; and the AFC-enhanced H,
controller can attenuate the force and moment disturbances more
effectively than an H,, controller.
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